Measuring recursive algorithms

D.E ZEGOUR
Ecole Supérieure d'Informatique
ESI



Measuring recursive algorithms

Method

To measure a recursive algorithm
- Find the recurrence equation

- Solve it
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Recurrence equation

Fact(n) Sort (L, n) { Suppose n = 2k}
IFn<1 IFn=1
Fact:=1 Sort :=L
ELSE ELSE
Fact := n * Fact(n-1) L1:=L[1..n/2]
ENDIF L2 :=L [n/2+1..n]
Sort := Merge ( Tri(L1, n/2), tri(L2, n/2))
ENDIF
T(n)=aifn=<1 T(n) =aif n=1

=T(n-1) + b Otherwise =2 T(n/2) + bn Otherwise
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Resolution

In general, there are three methods to
solve recurrence equations:

a) By substitution (expand the recurrence).

b) Guess a solution and prove it by induction..

c) Use solutions from known recurrence equations
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Resolution by substitution (Example 1)

Fact(<n) T(n) = b + T(n-1)
IFn_1._ =b+(b+T(n-2))
Fact:=1 =2b + T(n-2)
ELSE =2b + (b + T(n-3)) = 3b + T(n-3)
Fact := n * Fact(n-1) _
ENDIF = (ib) + T(n-i)
= (n-l)b + T(l)
=nb-b+ a
T(n)=alfn<1
T(n-1) + b Otherwise It's O(n)

Recurrence equation
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Resolution by substitution (Example 2)

Sort (L, n) { Suppose n = 2k} T(n) = 2 T(n/2) + bn

IFn=1
Sort :=L =2 [2 T(n/4) + bn/2] + bn
ELSE =4T[n/4] +2 bn
L1:=L[1..n/2] 8 T[n/8] + 3 bn

L2 :=L [n/2+1..n]
Sort := Merge ( Tri(L1, n/2), tri(L2, n/2))
ENDIF

E;T[n/zi] + ibn

= .r;.T[l] + Log(n) bn
=an + Log(n) bn
=n(a+ bLog(n))

T(n)=alfn=1
=2 T(n/2) + bn Otherwise

s O(n Log(n))

Recurrence equation
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Resolution by guessing (Example) To show that T(n) = O(n log2(n)), which means T(n) < a nlog2(n) + b
for given a and b starting from a certain rang n:
Sort (L, n) { Suppose n = 2k}
IFn=1
Sort =1L -Ifn=1, T(1) £ b (we can take b = ¢,).
ELSE
L1:=L[1..n/2] - We assume T(k) < a k log2(k) + b for all k < n and
L2 :=L [n/2+1..n] try to establish that t(n) <a nlog2(n) + b.
Sort := Merge ( Tri(L1, n/2), tri(L2, n/2))
ENDIF Suppose n 2 2,
then from (1) we get:
T(n) £2T(n/2) + ¢, n
T(n) = ¢, if n=1 < 2(a(n/2) log2(n/2) +b) + ¢, n

<anlog2(n)-anlog2(2)+2b+c,n
<anlog2(n)-an+2b+cyn
<anlog2(n)+b+(b+c,n-an)

=2 T(n/2) + c,n Otherwise

Recurrence equation
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Resolution by guessing (Example)

Sort (L, n) { Suppose n = 2k}

IFn=1
Sort =L

ELSE
L1:=L[1..n/2]

L2 :=L [n/2+1..n]
Sort := Merge ( Tri(L1, n/2), tri(L2, n/2))
ENDIF

T(n) =c,sin=1
=2 T(n/2) + c,n Otherwise

Recurrence equation

For T(n) to be <a nlog2(n) + b, we need:
b+c,n-an<0

anb+c,n

az(b+c,n)/n

Foralln21 az2b+c,

Therefore, T(n) <a nlog2(n) + b if the following
two conditions are satisfied:

b2c,

azb+c,

By choosing b = ¢, and a = ¢, + ¢,, we conclude that
foralln>1:

T(n) =< (cy + ¢,) nLog(n) + ¢,

In other words, T(n) is O( N Log(n) )
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Resolution using known recurrence equations

1. Homogeneous equations has as characteristic equation : SolutionsinR:
agt,+a;t, (+..a.t, = 0 agXk+a;xk1+...+a,=0 ST YN o

If all the solutions ri are distinct, then solution of (1) is t, = Ccyr))" + ()" + ... (ry)"

If rj is a repeated solution (with multiplicity m), then solution of (1) is
t, = Cylry)" + cylry)" + .o+ (i)™ + con ()" + .o ™ (1) ) + it ¢ ()"

Remark : constants are determined by the initial conditions
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Reminder : solution
t, = ca(ry)" + o) + ... C(rn

Measuring recursive algorithms

Resolution using known recurrence equations

Homogeneous equation (Example)
t,-3t, -4t ,=0forn=2
ty=0,t,=1

Initial Conditions

O=ci+cC,
1=-c,+4
Characteristic equation : x2-3x-4=0 G786
Solutions : -1 et 4. c,=-1/5etc,=+1/5
t, = Cy(-1) + cydn t, =-(1/5)(-1)" + (1/5)4"

It’s O(4n)
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Resolution using known recurrence equations

2. Non-homogeneous equations Characteristic equation:

agth + a;thl + ...a, tvk = b;"P1(n) + b,"P2(n)+....  (3oX+axi+...ay) (x-by )it

b, : constants (x-b,)d2+1 .. =0
P. : polynoms of degree d.

If all the solutions ri are distinct, then solution of (1)is t,=c.(r)"+ c,(ry)" + .....c (r )"

If rj is a repeated solution (with multiplicity m), then solution of (1) is
t, = Cy(ry)" + o) + .+ (cp(r)™ + cion ()" + .. €n™ ()™ ) + Lt ()

Remark : constants are determined by the initial conditions

Solutions in R :
ST ST



Resolution using known recurrence equations

Non-homogeneous equation (Example 1)

Fibonacci sequence
Fib(n) := Fib(n-1) + Fib(n-2)ifn>1
Fib(0) =0, Fib(1) =1

Recurrence Equation :
T(n) =T(n-1) + T(n-2) +bifn>1
T(n) = a otherwise

Non-homogeneous equation:
tn = tn_l'tn_zz b = 1n b
t,=0,t, =1,

b;=1,P;=b, bisapolynom of degree 0

Reminder : agt" + a;t™1 + ...a; t"k = b,"P1(n) + b,"P2(n)+....

Characteristic equation : (x2-x-1)(x-1) =0

(x-r1) (x-r2)(x-1) =0

r1=(1+5)/2
r2 = (1-5)/2
r3=1

Therefore t,=c, ((1+V5)/2)" + ¢, ((1-V5)/2)" +¢c; 10
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Resolution using known recurrence equations

Initial conditions give

t,=c; (1 +V5)2)n + ¢, ((1-V5)2)n + ¢y 1r ¢= 1/¥5, ¢, = -1/N5 et 3 = 0

Initial conditions
O=c;+¢C,+¢5

1= cy(1 + V5)/2 + cy(1-V5)/2 +c, t, = 1/V5 (1 +V5)/2)n - 1/N5 ((1-\5)/2)r

O=ci+c¢y

1= ¢, (1 +V5)/2 + c,(1 - V5)/2
c1(1+V5)/2 + cyf ) It’s O((1 + V5)/2)")

G=-C

c,(1+V5)/2 - c,(1-V5)2 =1
c,V5 =1 or0(1.6180339")



Reminder : agt" + a;t™1 + ...a, t"k = b,"P1(n) + b,"P2(n)+....

Measuring recursive algorithms

Resolution using known recurrence equations

Non-homogeneous equation (example 2) Reminder : r; repeated solution ( multiplicity m)
t,-2t, ,=n+2n t, = colr)" + c(r)n + .+ (i ()" + con ()" + o ™)™ ) + ..t ¢ (R)"
ty=0

b,=1,P,=n;b,=2,P,=1

Characteristic equation : (x-2) ( x-1)2(x-2) =0

Thereforet,=c; 1"+c,n1"+¢c;2"+¢c, n 2"

Initial conditions give c;=-c3, ¢, and ¢, are arbitrary . It’s O(n 2”)



